
1.1 DAM CHARACTERISTICS 

The Toachi Dam is located in the South-West of the 
Quito city in Ecuador. It is a concrete dam with a 
maximum height of 59 m to the foundations. The top 
level has a length of 170.5 m and 10 m of thickness. 
It is located at an altitude of 973 meters above the 
sea level. The upstream and downstream embank-
ment side slopes are 0.3/1.0 and 0.7/1.0 (horizon-
tal/vertical), respectively. 

The reservoir collects water from the basins of 
the Toachi and Sarapullo rivers. It has a total volume 
of 8 Hm3 with normal maximum water level located 
at 973 meters. At this level, the reservoirs have a 
length 1.3 km in the Sarapullo River and 3.2 km in 
the Toachi River. 

The dam has two Creager spillways controlled by 
gates. The spillways end in a ski jump and they have 
two baffles to divide the flow. The design flow 
matches a 1000 years return period (1213 m3/s) with 
an energy head of 7.50 m. There are two bottom out-
lets whose capacity is 800 m3/s. The dam also has a 
stepped spillway for the Sarapullo River with a de-
sign flow of 40 m3/s (Figure 1).   

2 PHYSICAL MODEL 
The physical model was built with a Froude scale 
1:50 in the Centro de Investigaciones y Estudios en 

Recursos Hídricos (CIERHI) of the Escuela Politéc-
nica Nacional (Ecuador). The scour downstream the 
dam was analyzed by using different flows accord-
ing to the hydrology inform of the Toachi-Pilaton 
Dam (Table 1). 

 

 
Figure 1. Tridimensional view and physical model of the 
Toachi Dam. 

 
The river bed was modeled considering three uni-

form gravels sizes whose mean value were of 0.020, 
0.015 and 0.010 m in scale model (Figure 2). 
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Figure 2. Physical model of the Toachi sky jump. 

 
Table 1 summarizes the maximum scour depth 

below the original bed (Ys) and the distance from the 
dam to the maximum scour (D) for the 1.00 m gravel 
size (0.020 m in model). The maximum scour Ys = 
7.15 m was obtained for the design flow of 999 m3/s, 
reducing the scour to 6.65 m in the bigger tested 
flow. The maximum distance of the scour 64.20 m 
was obtained with the maximum flow.  

 
Table 1.  Rate flows and maximum scour depth in the 
physical model with dmodel = 0.020 m (dprototype = 1.00 m). 
Horizontal distances D from the dam to the maximum 
scour depth. _______________________________________________ 
Qmodel Qprotype    Ys model Ys protopype Dmodel Dprototype 
 (l/s)  (m3/s)     (m)      (m)   (m)  (m) _____________________________________________ 
14.38   254     0.131  6.57   1.035 51.75 
28.26   500     0.161  8.05   1.219 60.95 
40.21   711     0.141  7.05   1.282 64.10 
56.51     999     0.143  7.15   1.233 61.65 
68.63 1213     0.133  6.65   1.284 64.20 _______________________________________________ 

3 EMPIRICAL FORMULAE 
In the study, 30 formulae are examined. The scour 
hole is estimated for flows of various return periods.  

Most of the equations were obtained by dimen-
sional and statistics analysis of data obtained in 
Froude scale reduced models, with few formulae 
based on prototypes and many obtained for the ski-
jump. The general expression is:  
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where Y0 is the tailwater depth, k an experimental 
coefficient, q the specific flow, H the energy head, g 
the gravity acceleration, dm the average particle size 
of the bed material, d85 the bed material size in 
which 85% is smaller in weight, and d90 the bed ma-
terial size in which 90% is smaller in weight. The 
rest of variables are showed in Figure 3. 

  
Figure 3. Scheme of scour in Toachi Dam. 
 

Figure 4 shows the results obtained with the 30 
formulae considering the sediment size of 1.00 m. 
The mean value +/-1 standard deviation is indicated. 
After removing the formulae whose values fall out 
of the +/-1 standard deviation threshold. Figure 5 
shows the mean value +/- 0.50 standard deviation 
values obtained, together with the scale model re-
sults. If the mean value for the design flow (1213 
m3/s) were considered, the scour could reach a depth 
of 7.81 m. However, if the mean value +0.50 stand-
ard deviation was taken into account, then the same 
flow would scour 13.68 m.  

Table 2 shows four of the general expressions 
whose values are closer to the mean value, while 
Table 3 shows the coefficients corresponding to four 
simplified formulae with values in the same range. 

 
Table 2.  Four scour general formulae with values that fall in the mean value +/- 1 standard deviation. _________________________________________________________ 
Author       Year   Equation  
_________________________________________________________ 
Jaeger       1939     
 
 
Martins-A      1973     
 
 
  
 
Veronese modified   1994     

Bombardelli & Gioia  2006     
 
_________________________________________________________ 
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Table 3.  Coefficients of five scour simplified formulae with values that fall in the mean value +/- 1 standard deviation. ________________________________________________________________________________________ 
Author       Year   k    a   b   c   d   e   f   h   i ________________________________________________________________________________________ 
Tairamovich     1978   0.633   0.67  0.25  0   0   0   0   0   0 
Martins-B      1975   1.50   0.60  0.10  0   0   0   0   0   0
Mason-Arumugam A  1985   3.27   0.60  0.05  0.15  0   0.30  0.10  0   0 
Damle-C      1966   0.362   0.50  0.50  0.50  0   0   0   0   0 
INCYTH      1981   1.413   0.50  0.25  0   0   0   0   0   0 ________________________________________________________________________________________
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

 
Figure 4. Scour of the sky jump obtained with 30 formulae and the threshold of +/- 1 standard deviation. 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5. Scour of the sky jump obtained with the formulae in the threshold of +/- 0.50 standard deviation. 

 
In Figure 5, the values obtained in the scale model 
are close similar to the mean values calculated. We 
can observe that all values obtained in the physical 
model fall in the mean value +/- 0.50 standard devia-
tion. 

4 SEMI-EMPIRICAL FORMULAE 
The erodibility index is based on an erosive thresh-
old that relates the magnitude of relative erosion ca-



pacity of water and the relative capacity of a materi-
al (natural or artificial) to resisting scour. There is a 
correlation between the stream power or magnitude 
of the erosive capacity of water (P) and a mathemat-
ical function [f(K)] that represents the relative capac-
ity of the material to resist erosion. On the erosion 
threshold, this may be expressed by the relationship 
P = f(K). If P > f(K), with the erosion threshold be-
ing exceeded and the material eroded. 
Scour in turbulent flow is not a shear process. It is 
caused by turbulent and fluctuating pressures (An-
nandale, 2006). Quantification of pressure fluctua-
tions of incident jets in stilling basins have been 
studied mainly by Ervine and Falvey (1987), Ervine 
et al. (1997), Castillo (1989, 2002, 2006, 2007), 
Castillo et al. (1991, 2007), Puertas (1994), Bollaert 
(2002), Bollaert and Schleiss (2003), Melo et al. 
(2006), Felderspiel (2011), Carrillo (2014), and Cas-
tillo et al. (2014, 2015). 

The dynamic pressures of jets are a function of 
the turbulence intensity at the discharge conditions, 
length of the jet flight, diameter (circular jet) or 
thickness (rectangular jet) in impingement jet condi-
tions and water cushion depth. 

Annadale (1995, 2006) summarized and estab-
lished a relationship between the stream power and 
the erodibility index for a wide variety of materials 
and flow conditions. The stream power per unit of 
area available of an impingement jet is: 
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where  is the specific weight of water, Q the flow, 

H the drop height, and A the jet area on the impact 

surface. The jet area was estimated using the equa-

tions of the impingement jet thickness for the free 

falling jet case (Castillo et al., 2014b and 2015b), in 

which the throwing distance and the specific flow 

are considered. 

The impingement jet thickness formula is ob-

tained as: 
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where Bg is the thickness due to gravity effect, ξ the 
jet lateral spread distance due to the turbulence ef-
fect, q the specific flow, H the fall height, and h is 
the energy head at the crest weir. φ = KφTu, being Tu 
the turbulence intensity, and Kφ an experimental pa-
rameter (1.14 for circular jets and 1.24 for the three-
dimensional nappe flow case). 

The erodibility index is defined as: 
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being Ms the number of resistance of the mass, Kb 
the number of the block size, Kd the number of re-
sistance to shear strength on the discontinuity con-
tour, and Js the number of structure relative of the 
grain. Table 4 shows the formulae of the parameters. 

The threshold of rock strength to the stream pow-
er, expressed in kW/m2, is calculated and based on 
the erodibility index K.  
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Table 4. Erodibility index parameters (Adapted from Annandale, 2006). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

The dynamic pressure on the bottom of the stilling 
basin is based on two components: the mean dynam-
ic pressure (Cp) and the fluctuating dynamic pressure 
(Cp´). These dynamic pressure coefficients are used 
as estimators of the stream power reduction coeffi-
cients, by an effect of the jet disintegration in the air 
and their diffusion in the stilling basin (Annandale, 
2006). Hence, the dynamic pressures are also a func-
tion of the fall height to disintegration height ratio 
(H/Lb) and water cushion to impingement jet thick-
ness (Y/Bj). The total dynamic pressure is: 
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where Cp(Y/Bj) is the mean dynamic pressure coeffi-
cient, Cp'(Y/Bj) the fluctuating dynamic pressure co-
efficient, Pjet the stream power per unit of area, and 
F the reduction factor of the fluctuating dynamic 
pressure coefficient. 

In the rectangular jet case, Carrillo (2014) and Cas-
tillo et al. (2014, 2015) adjusted the formulae by us-
ing new laboratory data (Figures 6, 7 and 8). 

Figure 6. Reduction factor F of fluctuating dynamic pressure 
coefficient. 

 
Figure 7. Mean dynamic pressure coefficient, Cp, for the nappe 
(rectangular) case. 

Figure 8. Fluctuanting dynamic pressure coefficient, Cp', for 
the nappe flow case. 
 

Table 5 shows the results obtained in the three 
types of materials. Table 6 lists the results of inci-
dent stream (Pjet) and diffusion (Pjet/Y/Bj) jet power. 

Figures 9 and 10 show the stream power of the 
jet, together with the power threshold for the three 
different materials. We can observe that all flow 
rates impingent with enough power stream to erode 
a material with power threshold of 76.78 kW/m2. 
However, the reduced stream power by diffusion 
(254 and 500 m3/s), due to the effect of the water 
cushion (Y0+Ys) stablished in the model, are below 
the power threshold of 19.75 kW/m2. The flow 711 
m3/s does not have enough power to erode the mate-
rial power threshold of 45.77 kW/m2. Flow rates of 
999 and 1213 m3/s no longer have the capacity to 
erode the material power threshold of 76.78 kW/m2. 

 
Table 5. Parameters of three types of materials. _____________________________________________ 
Para-          Material Type 
meters       I     II       III _________________________________________ 
d50 (m) =       0.50   0.74    1.02  
d84 (m) =       0.63   0.88    1.20    
º   =       32.00       33.00     34.00    

Ms  =      0.35   0.37    0.40  
Kb   =     244.14  681.47  1728.00     
Kd   =      0.62   0.65     0.67  
Js   =      1.00   1.00     0.70 
K    =    53.39  163.75    326.36 
Prock (kW/m2) =  19.75    45.77     76.78 ____________________________________________ 
 
Table 6. Final water cushion (Y0+Ys), scour (Ys), initial 
water cushion (Y0), incident stream power (Pjet) and re-
duced stream power by diffusion [Pjet (Y/Bj)]. __________________________________________________     
    Q   Y0+Ys   Ys  Y0   Pjet   Pjet (Y/Bj) 
      (m)   (m)  (m)  (kW/m2) (kW/m2) ___________________________________________________________________________________________________  
  254   12.05  6.57  5.48  76.94    3.63  
  500   14.15   8.05  6.10  94.26  19.79  
  711   15.73    7.05  8.68  101.59  43.60  
  1000  17.10    7.15   9.95  113.02  71.50  
  1213  18.65    6.65    12.00  108.31  64.59  _________________________________________________ 
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Figure 10. Stream power of the jet for different flows as a func-
tion of the erodibility. Three types of materials (I, II and III). 
Values (Y0+Ys) are variables in each flow (see Table 6). 

5 NUMERICAL SIMULATIONS 
As a complement of the empirical and semi-
empirical methodologies, three-dimensional mathe-
matical model simulations were carried out. These 
programs allow a more detailed characterization 
than one-dimensional and two-dimensional numeri-
cal models and, thus, a detailed study of local effects 
of the sediments transport. The numerical simulation 
of the hydraulic behavior and scour by the action of 
the sky jump was analyzed. 

The computational fluid dynamics (CFD) pro-
gram FLOW-3D v11.1 was used. This program 
solves the Navier-Stokes equations discretized by fi-
nite differences. It incorporates various turbulence 
models, a sediment transport model and an empirical 
model bed erosion (Guo, 2002; Mastbergen and Von 
den Berg, 2003; Brethour and Burnham, 2011), to-
gether with a method for calculating the free surface 
of the fluid without solving the air component (Hirt 
and Nichols, 1981). Pressures obtained in the stagna-
tion point and their associated mean dynamic pres-
sure coefficients were compared with the parametric 
methodology proposed by Castillo et al. (2013, 
2014). 

In order to simulate the proper functioning of the 
sky jump, several simulations were carried out by 
means of sensibility analysis: air entrainment mod-
els, turbulence models, grid size and type of solver, 
among others. Simulations were performed at labor-
atory scale. Multiple mesh blocks were used to solve 
the problem. The spillway and the sky jump were 
solved with a mesh size of 0.005 m, while the reser-
voir and the plunge pool were resolved with a mesh 
size of 0.02 m. 

In the sediment scour model, the critical Shields 
number was calculated using Soulsby-Whitehouse 
equation, while the Meyer-Peter & Müller equation 
was used to compute the bed load transport rate. 
Two bed load coefficients for low sediment transport 
( = 5.0 and  = 6.5) and the maximum packing 
fraction were used to calibrate the model.  

Figure 11 shows the results obtained for the de-
sign flow (Q=1213 m3/s) and considering a grain 
size of 1.00 m. The maximum scour depths were 
8.50 m and 7.50 m, for  values of 6.5 and 5.0, re-
spectively. These values are a bit bigger than the 
value obtained in the physical model 6.65 m and 
around the mean value obtained with the empirical 
formulae 7.81 m. 

 

 
Figure 11. Numerical simulation of the scour downstream 
Toachi Dam. 

 
Figure 12 compares the scour shape observed in 

laboratory with the numerical simulation in the 
planes in which the maximum scour value was 
measured. The horizontal distances from the dam to 
the maximum scour depth were 61.50 m ( = 6.5) 
and 63.50 m ( = 5.0), similar to the value obtained 
in laboratory of 64.20 m. The longitudinal scour 
length from the laboratory data was around 51.55 m 
while the simulated value was 49 m. The transversal 
scour length was near the complete transversal sec-
tion in both cases.  
 
 
 
 
 
 
 



905

910

915

920

925

930

935

0 25 50 75 100 125

E
le

va
ti

on
 (m

) 

Horizontal distance to the ski jump (m)

Initia l water surface
Initia l ground level
Scale model
CFD - Low sediment transport: MPM Coef.=5.0
CFD - Low sediment transport: MPM coef.=6.5

905

910

915

920

925

930

935

-35 -17.5 0 17.5 35

E
le

va
ti

on
 (m

) 

Transversal distance (m)

Initia l water surface
Initia l ground level
Scale model
CFD - Low sediment transport: MPM Coef.=5.0
CFD - Low sediment transport: MPM Coef.=6.5

 
Figure 12. Longitudinal and transversal scour shape measured 
and simulated. 

 
The main differences in the scour measured in la-

boratory and calculated seem to be related to the fact 
that the current version of FLOW-3D does not allow 
to activate the density evaluation and drift-flux mod-
els in the air entrainment model when the sediment 
scour model is used. This generates impact jets more 
compact that if the air entrainment mechanism were 
solved in the correct way.  

Finally, the results obtained with the reduced 
model and the numerical simulation with CFD, have 
scale effects. However these results are on the safe 
side. 

6 CONCLUSIONS 
In this paper, similar results have been obtained by 
solving the problem from four different perspec-
tives: physical model, empirical formulations, ero-
sion potential semi-empirical formulation and CFD 
simulations.  

The results demonstrate the suitability of crossing 
methodologies to solve complex phenomena. Thus, 
numerical simulations were used to complement the 
classical formulations, allowing a better understand-
ing of the physical phenomena in order to obtain an 
adequate solution. 
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